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Introduction. In this paper, we are concerned with finding approximations to 
the eigenvectors of a general complex n X n matrix A, assuming good approxima- 
tions to the eigenvalues have been found. In Section 1, we describe the method 
used, which amounts to one step of the well-known inverse iteration technique for 
a particular initial vector. We show that the eigenvector approximation thus ob- 
tained is as accurate as can be expected using single-precision arithmetic. An Algol 
60 program using this method for the case of a general real matrix is given in the 
microfiche section, and the details of the program and an example are given in 
Section 2. In a second paper [7], we will describe a technique which gives rigorous 
a posteriori error bounds for such an approximate eigensystem, and which, ap- 
plied repeatedly, can yield a better approximate eigensystem if the matrix A is 
known to more than single precision. 

1. The Basic Iteration. We are concerned with finding the column eigenvectors 
of a general complex n X n matrix A, that is, the columns of a matrix X so that 
AX = XA, where A is the diagonal matrix of eigenvalues {X, i ln of A. We assume 
the following: 

(i) A has been scaled so that JAI 2 = 1, for convenience. 
(ii) A has been reduced by a similarity transformation to upper Hessenberg 

form, i.e. aii = 0 for j < i - 2. This reduction is usually done by Householder 
transformations or by elementary row and column operations. Both are discussed 
in Wilkinson [6, Chapter 6]. 

(iii) approximations {X' }In to the eigenvalues of A have been found, and are 
such that each is an exact eigenvalue of a slightly different matrix A + Ex. The 
most popular eigenvalue method lately has been the QR method, which is known 
to give such approximate eigenvalues. This and other methods, including a Laguerre 
iteration developed by Parlett [3] are discussed in Chapters 7 and 8 of Wilkinson [6]. 

To find the eigenvectors, the inverse iteration technique has been very success- 
ful; namely we perform the following iteration for each eigenvalue approximation X: 

(1) (A - XI) y (k) = y (k-1) k = 1, 2 ... , 

with y(O) some arbitrary vector. The iteration is performed by first forming the LU 
decomposition of (A - XI) using Gaussian elimination. That is, we form a unit 
lower triangular matrix L and an upper triangular matrix U such that LU = 
P(A - XI) + F, where P is a permutation matrix and F is a matrix of rounding 
errors. Then the two resulting triangular systems are solved. 

It is our purpose here to show how the inverse iteration technique can provide 
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as good an eigenvector approximation as can be expected. In fact, since A is gen- 
erally not represented exactly in the machine and because of rounding errors, all 
we can expect of an eigenvector approximation is that it can be an exact eigen- 
vector of some matrix A + E, with hIEll2 < ci1, where c is close to 1 and 

i= max {I: fl(l + ) = 1. 

Here fl(q) denotes the floating-point machine-calculated value of the arithmetic 
expression q. 

THEOREM 1. If at any step in the iteration (1), we find 

lly(k) 112 1 ,-1 

IIYlk 
1 

112 r3 

then the computed vector y (k) is the exact eigenvector of a matrix A + E, where 
IJEll2 < rnI, r = ri + r2 + r3, and r1 and r2 are small machine constants. 

Proof. In the machine computation, since we use Gaussian elimination with 
partial pivoting, we know from Wilkinson [5, p. 98] that P-'LU = A - XI + F, 
where IIFII2 < r1i7. Moreover, in solving the triangular systems obtained, we 
know from Wilkinson [5, p. 102] that 

(P-ILU + Gk)y(k) = y(k-1) 

where IGk 112 < r2?7i. Here r1 and r2 depend on the machine arithmetic. Thus we 
have exactly 

(A - XI + F + Gk)y (k) = y (k-1) 

Now let u = y(k)/1Iy(k)112 and v = y(k-1)/Jjy(k)J12. Then the above gives 

(A - XI + F + Gk - VU*)U = 0. 

Taking E=F + G-vu* gives 

|JEJ|2 < (r, + r2)fl1 + Ily (k1)112/lIY(k)l12 < r?7, 

This completes the proof of the theorem. 
So one strategy would be to use the basic iteration (1) and iterate until 

IIy(k)|12/JjY(k-) 112 is close to i1-1. Wilkinson [6, Chapters 5 and 9] uses this tech- 
nique, with y (0) = P-1Le and e = (1, 1, *.., 1) T. He iterates until the norm ratio 
is close to ni-r and then does one more step. This strategy has two faults: first of 
all, we cannot guarantee that we will obtain a norm ratio close to 77-1. In fact, 
one can give examples where the iterates increase in norm by only 'q- ln at each 
step. In practice however, such a large norm ratio is usually obtained on the first 
iteration. But even so, for matrices with poorly conditioned eigenvalues, if we con- 
tinue to iterate, the norm ratios are much less than F1-' on each subsequent itera- 
tion, so even the "one more step" is not a good idea. We take a different viewpoint: 
we can guarantee a large norm on the very first iteration by choosing the initial 
vector properly. 

THEOREM 2. Let X be an approximate eigenvalue of A with (A - XI + F1) 
singular and lIF1112 = r i1, and let P-1LU be the LU decomposition of (A - XI). 
Let G be a matrix of linearly independent columns {gi } ln and consider solving UZ = G 
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for the columns zi of Z. Suppose IIZk 12 _ IjZJl2, i k k, and let y(l) be the computed 
solution to UZk = gk. Then y(1) satisfies 

IIY(')11 2/IIY(') 112 -< K * ni 
with 

K = n-V2. cond2(G) *[(- /2 )(rl + r) + r2], 

where r1 and r2 are given in Theorem 1. Thus y(1) is an exact eigenvector of (A + E) 
with [[E[[2 ? (K.+ ri + r2)fl1. 

Proof. Since (A - XI + F1) is singular and A - XI = P-ILU - F, with 

1IF|12 ? ri*fi7, then 

(P-1LU - F + Fi)v = 0 

for some vector v. Since L and U are both nonsingular, 

v = U-IL-'P(F - Fj)v, 

giving 

JIU-'112-1 < IIPI1211L-1112(r + ri)ni. 

Now since A is in upper Hessenberg form, L has only one nonzero element in 
each column below the diagonal, and because partial pivoting is used, this element 
is less than or equal to one in magnitude. Let Lkj,j be the nonzero off-diagonal 
element in the jth column. Then solving for the ith row of L-1 (whose elements 
are denoted by L7-3 ), 

IL7Ti| = E 
ik 

<L$,kLkj, j = i - 1,i - 2, 
... 

1 . 
kc=j?l1l.1 

3 

We claim I Ltjl ? 1 for all i, j. To see this, fix i. We proceed by induction on 
j = i - 1, i - 2, *2, 1, using the above equation. Now clearly IL;lI = 

ILi,i_l1 land L7.' = 1. Forj <i-1, 

IL--1j < IL-1j-1 < 1 

using the induction hypothesis, since kj > j. Thus 

IIL-1112 < (n(n + 1)/2)112 < (n + 1)/7 - 2, 

and 

UJU-l]2- ? ((n + 1)/ ,I2)(r + ri)fli. 

Now we are solving UZ = G and hence 

IIZJ12 >? J-j11U2/JJG-'112 

Let the columns of Z be zi, i= 1, ** , n, and suppose l[Zk112 >- 11zi12, i I. 
Then 

11~11 _ 1 ~ >1 jjU~-1112 
,iZk,,2 -\/n =Z/12>-\/n IIG-1I 

Now let our iterate y(l) be the computed approximation to Zk, that is, the machine 
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approximation we would obtain solving for the right-hand side gk. Then y(1) satis- 
fies (U + Gi)y(') = 9k, with I1GII 2 < r27i, as in Theorem 1. Hence 

1 < III + U'G1ll2 < Vn 
G1122( 

-U'II1 + r2771) 
I 1) 12- IIZkCH2 

\nIIG I12(1U 

When we solve for y(1) in this way, our initial vector y(0) = P-'L9k, so that 

IIY'? 112 < jP-'1I 2j11L1j2 * fIGIH 2 < (2n) 1/211 G1 12 

and hence 

IIY(0)112 < nV2(IIGl 2 * 11G- 11 2) *[( $2I)(r + rl) + r2}1 = K -i. jjY(l) 112 
= -/ 

Finally, applying Theorem 1, we see that y(l) is an exact eigenvector of (A + E), 
with jJEj12 < (K + rl + r2)ill. This completes the proof of Theorem 2. 

In effect, this just says that since (A - XI) is very nearly singular, the near- 
singularity will be reflected in an inverse iterate with a large norm, for some initial 
vector. So in theory we could take any nonsingular G and solve for each column. 
But this takes too much work: solving for every column takes n3 operations. How- 
ever, we do not have to find the column which gives the maximum solution norm, 
only one where the norm is large. So we want to use a G in practice that gives a 
large norm for the very first column in most cases. 

As Wilkinson noticed in [4], taking G = I can be very poor. Here we are just 
solving for the columns of U-', and many of the matrices which arise have no 
small diagonal elements in U although it is nearly singular. So it may be necessary 
to solve for several columns of U-1 to find one with a large norm. Willinson has 
shown that the initial vector e = (1, 1, * *, 1) T gives good results in practice; 
actually any such vector with lots of nonzero components would probably work as 
well. However, it can happen that z = U-le is not large in norm either; we still 
must have other choices available. 

The strategy-we propose is to take for G the orthogonal matrix 

(2) gij = cos 2r(i 1) (j- 1) + sin2r(i - 1)(j - 1) n n 

The first column is exactly the vector e and in practice this almost always gives a 
solution with a large norm. If it does not however, we go on and try the second 
column, etc. Also note that GTG = nI so that cond2 (G) = 1 and thus this gives 
the best possible bound in Theorem 2. 

2. Description of the Program. The Algol 60 program, M-9, in the microfiche 
section herein, applies to a real matrix A reduced to upper Hessenberg form. The 
reason for this is twofold: first, for an Algol compiler that allows complex declara- 
tions, the code for a general complex matrix is simpler than that given here be- 
cause only the (a) iteration below is necessary. Secondly, if the matrix is real, time 
is saved by using a specialized program. For best results, the input matrix A should 
be "balanced" so that its ith row and column sums are roughly equal. This can 
be done by diagonal similarity transformations (see Osborne [2]). Also, the matrix 
should be scaled so that IJA 12 is close to 1.0. 
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An Algol 60 program for the reduction to upper Hessenberg form using House- 
holder transformations is given in [1] and a similar program using elementary 
similarity operations is forthcoming in Numerische Mathematik. An excellent pro- 
gram for calculating the eigenvalues by the QR method is forthcoming by Wilkin- 
son in Numerische Mathematik, and the Algol 60 code for the Laguerre iteration 
of Parlett is given in [3]. 

The eigenvectors of the Hessenberg matrix are found as follows: 
(a) if the eigenvalue approximation X is real, we form the LU decomposition of 

(A - XI) and solve Uy(k) = gk, k = 1, 2, ***, where the gk are the columns of G, 
defined by (2). We continue until jly(k) 112 > Kq1-1, where K is a fixed tolerance. 
The process requires about n2(k + 1)/2 multiplications; 

(b) if X = + ? iv, v # 0, we proceed as in Wilkinson [6, p. 630]. Since X is also 
an eigenvalue approximation, we form the LU decomposition of 

B = (A - XI)(A - XI) 

and solve 

Uy(k) = g,2 z(k) _ 1 (A - I)Y(k) , k = 1, 2, 

We continue until IIy(k) + iz(k) ff2 > K71-1. Since the matrix A2 is formed only 
once, the work per eigenvalue is about n2(kc + 11/6)/2 multiplications. 

If any zero pivots are encountered in the LU decomposition, they are replaced 
by ?71 maxi,j laij , so that we can backsolve. If any eigenvalue approximations are 
identical, they are perturbed by an amount close to ql so that a different LU is 
formed. Then if there are distinct eigenvectors corresponding to these eigenvalues, 
the two inverse iterations should give two distinct eigenvectors. 

This program has been tested on scores of matrices using the Burroughs B5500 
at Stanford University. We give one example: 

aj =n+1-max(ij) if j>i-1 and n= 12 

= 0, otherwise 

This is the Frank matrix discussed by Wilkinson ([6, p. 92] and [5, p. 151]). It is 
in upper Hessenberg form and its eigenvalues are all real and positive. However, 
the Wilkinson conditions of the eigenvalues deteriorate as we go from biggest to 
smallest, and are about 10-7 for the last three eigenvalues. The eigenvalue ap- 
proximations were found using an early version of Wilkinson's QR program on the 
B5500 where i = .1 8-12. The smallest three eigenvalue approximations are only 
correct to about two significant figures; nevertheless each is an exact eigenvalue of 
a slightly different matrix, as are the eigenvector approximations and each of the 
latter was found on the first inverse iteration. 
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LU zssU TM&N 
Ifmin ThEINT REAL EIGLKVALUE -a BARRXIOENTITY) 

msul# 
t lis tit Ii 1 XL N QI 
to L% 4 N 

FUR JStu 1TLP 0 LbYjjf t-2 fl R(,1J3S30J 
~ULis JMAX (1-1,1) 1 UQJL N QO 

UE I P tj I uAt I $ J 1I} 
tE I# I j-U jo[s I ),wRR 

IE4dN CtiNMLX CKt)LEX EIGENVALUE - ? 
SEA($R,RIMX I UENTIY)XCA.(RRaRIXI)XIOENTITY)) 
m1u2J NAtSQxRHt+2+RI+2J RR2S1u2?RRJ 
tLu list inP 1 QUli N Q.:l 

Hut JSsj tli! U lT 1-3 QOL 9EIPJJ 1OJ 
FI 23 ITi.N $tj1'2311ASQ(1D121) 

tJR JIsMAX(lmip1) il! I iLL LNQ 
tEIPJI ASQCI' -RR2xtTjAJ 

b&(IJJ1sPtvID1)*RAOSQ 

LU INLhRAItUN Of bi 

C0N""LhI NUW tEOUCt 8 TO ll rURN - N GIVES THE NUMBEN OF 
b=-bUlAAUONAL Of 8J 

QAUbbN(f,m,8vEPS,piVOT)J 

LQ 1 'tal SLP I UNTIL N UQ Xtt31s1J 
FOH llblsl STE I efl N no 
8EL _ 

bULVL(N#8vXPUT#PIvOT)J 

NUrtNeALALI,UTPYNORM) 
ELL 

9UM"LNT CALCULATL VT FROM (AmRRvIOE%T1TY)XUT+NIXVT3OI 
L2W 1'1 IlL1 @I1 "LL NX 

VTt lsa1"NNERPROOUCT(J,NAXCtI.11)fNAtDIDj)UTIJ3D 
aRRxUTC 31)/RIJ 

NUtKCj4PLEXCNUTi VT,VNORM) 

TF VNOHN 2 NOHMTOLERANCE .60 ID B1GNORMJ 
CUMMEN) If NOTO GENERATE NEW iTTIAL VECTOR USING ORTHOGONAL 

CUSINE VECTURS) 
T#SCIxCSIXS) St11sSIxC*CIxS C1isTi 
ALIJIBC2-1I S2t'0) 
LUJS 48I2 1 w7t N DO 
ULiLN Ii1sC2xC1m52xS1J 



521m52MCj+C2xS1j 
C28TJ XLJ3tuC2*S2 

3044LNI JItHATE 011) NOT CONVERGE * SET VECTOR a OJ 
Q! J I It,n 1J1J X 1X IssO 
LE HT*#U iaI FOR 1*si UJ.L! STE N fQ ucIXK,1*IitJ 
Ug IU U N) 

*I'GNORMs 
CO9.MLN t 1LR4ATL IAS CONVERGED a STORE IN U) 
Lfl~ I't bTLP I y.LL N QQ UEtCI,K)lUTt1JI 
Lf K IOU TtI ssN L?I N Qf UCI,K*1)*IVT1lJ) 

FIN$ 
END K 

LmfFRSSVLC TUNS) 



PROCEDURE EI tNSYSTFNRUUNOS(N,A,LAMODA,X,DELTA,SETA,T,YDLAMB )OAI IPD 

EhENVALULEALJlIJS, X IMP,ELGENVECTORRADIUS,PODRINVERSE)J 

VAL"L N,8LJA,ULLTA,T) 
INTJ L NpI,UETA; RaL DELTAJ 0lQLEAN PODRINVERSE) 
LUI& CUMPLL iX A,LANBOA,X,Y.LAMBDAIMP,XIOPI 
LQANG HEAL ANNA -EIGENVALUER AOIUS,EIGENVECTORRAOIUSJ 

1i&Lfr.Pi4"ME-Nt EIGLNSYSTEHMRUNOS FINDS IMPROVED ESTIMATES'ANO BGUNDS 
FOR TLt EL*'ENSYSTEM OF THE NXN COMPLEX MATRIX A, GIVEN A FULL SET 
Of APPROXIMATE FIGENVALUES IN LAMBDA, AND A FULL SET Of CORRESPODN 
DlNG APPHUXIMArE [IGENVECTCRS IN X. nELTA IS THE MAXIMUM RELAT1VE 
ERROR IN THE ELEMENTS OF A REPRESENTED IN THE MACHINE, BETA IS THE 
NUMBEN bASE UF THE MALHINE, AND T IS THE NUMBER OF BASE BETA DIGITS 
IN EACH F LUATING POINT NUMBERS Y IS THE OUTPUt APPROXIMATE INVERSE 
FOR X. Tmt ImPRUVED APPROXIMATIONS TO THE ElGENVALUES UF A ARE 
STOREU IN LAMUAL)ATMPP ITH THE ROUND FOR THE OISTANCE BETWM EN THESE 
NLMBEN, AwLS THE TRUE LIGENVALUES IN EIGEKVALUERADIUS. SI"MLARLY THE 
IMPNOWLU APPRUXIHATIUNS TU THE EIGENVECTORS ARE STnREO BY CCLUMNS 
IN XIMP, wLln THE PUUNIDS IN THE CORRESPONDING ELEMENTS OF 
ElGENVLCTUHMAOLUS. PUURINVERSE IS SET To TRUE IF THE MATRIX X COULO 
NOT BE INVENITU, OH IF THE CALCULATED INVERSE Y IS SO POOR THAT THE 
RESIDUAL MATNIX EsIeXxy HAS L'INFINITY NORM LARGER THAN t.0. 

THE LANbUAGE IJSED IS STANDARU ALGOL 60 EXCEPT FOR THE ADOITION 
OF COMeLEA AND LONG (MEANING DnUBLE PRECISION) DECLARAIIONS. WE 
ASSUML I1#AT THE FUNCTION ABS IS DEFINEn FOR COMPLEX ARGUMENTS ANO 
GIVES THL M?400ULUSJ 

COMMENT t INST DECLARE UTHER PROCEDURES) 

MAXSSg A)&5d L" A LLA BA 

REAL 4DLMMEUUtL "IN(A,8)I 
YAjjj[ ALU; HEAL A 8J 
MINSZLF A(W IiL A LUL U 

COMPLE?X ?UCEUUIL HOUND(A)J 
VA^L"E A; AOM CPLEX 

BEGIN COMMLNI THE HanDY Uf ROUNO IS LEFT UNDEFINED. THE USER MUST 
IN3%RT A PNU(iRAP WHICh ROUNDS A LONG CnMPLEX VARIABLE TO SINGLE 
PNECISIUN 

Lb.2 RODJh); 

LagLLQULL INVERbEC(NX,YvE,SINGULAR)J 
vALUE N INtA$ N3 J -MP 3X3J XYEJ LAEL SINGULARJ 

ULSLb CQOMMENI THE Qnoy uF iNVERSE IS LEFT UNOEFI-NEO THE USER MUST 
INSERT A PtObRAM WHICH VINOS A SINGLE PRECISION APPROXIMATE INVERSE 
FGR X kND STUNES IT IN Y LEAVING X UNCHANGED. THE PROGNAM MUST 
ALSO CU"Mt'UIL THE RESIDUAL MATRIX E a leXy USING ODUALE PRECISION 
ACCUMULATIUN UF INNER PRODUCTS. FOR THE USUAL METHOO OF GAUSSIAN 
ELININATIUN WITH ITERATIVE IMPROVEMENT, E IS THE LAST MESIODUAL 
MATRIA CUMIEUTED BY THE ITERATIVE IMPROVEMENT. WE ASSUME THE PROGRAM 
TRANSFEN5 TO LASEL SINGULAR IF X IS TOO SINGULAR TO INVERTS 

Lb& INVENbLE 



CDR tT ,6Nut# SLGIN MAIA PXOCEOURE AEAGENSYSTEMBOUNOSI ij0-S;epbsS3 S4p SS, Al4AX,YSUMpE iNX 0WSUM, ETA1 ,ETA2#EP5 1 pEPS2p 
FACTOk,KALIUS,RAOIISUM,USUE P 

LQ#GS REAI ^AXCUMP) COMPLEX SCi) jQNG COMPLEX SCot) 
INTE4EN lr.J,FeM,,MAXI 
hAL AkRAY Q,Q L1S,NtI,NJ,YROWSUM,XCOLSUM,FMAXCOL,PQROWSUMDROOTOISTANCED 

ABSBOUNU,LDISI fRRIOR,UVNOD,VBO,YERCWSUM 1 ItN) 
COMPLEX ANkAY fVPC 1 SN,1 SNI,RUCTOIFFERENCE,UC EIl)X 
LONG ;OMPLEX AHMAY V(IINJ) 

CG&E]LJ FIHSI CALCUL(TE BASIC ROUNDING ERRORS) 
ETAjIIU.OOx2UbElAt(IfT)) COMMENT THIS IS A BOUNO FOR THE NOUNOING ERROR 

MADE IN EACH UF THE FULLOUING REAL SINGLE PRECISION OPERATIONSI 
ADD,SUbTHACTDMULTIPLO I0VIDOE,SQUARE ROOT, IT IS MULTIPLIEO BY 1.06 
TO PERMIT EASIE. CALCULATION OF ACCUMULATED ERRORt THIS ROUbOING 
ERROR UuUNU 16 PESSIMISTIC, AND COULD PROBABLY BE OECREASEO FOR 
ThE ACILA l MACMINE USOD) 

ETA2Su1*UO2xbEIAf+(Ia2xT) COPMENT A ROUNO FOR THE CORRESPONOING REAL 
ODOUSL PNtCI5IUN UPENATIONS) 

EPSIIsNxLIlAI) CUoMMAFT USEO IN THE BOUNO FOR A RE(A SINGLE PRECISION 
INNER rI4UVUCJ Uf N TERMS) 

LPS2IC(NU.b5)xElAZJ CUWMNQT USEO. IN THE BOUNO FCR A COMPLEX OOUBLE 
PRECIsILN INN1 N PkCOUCT OF N TERPS; 

P CCR INVEHbL SfI jj 
CCMMLENT NOr. FOM APPROXIMATE X-INVERSE) 
IPVERSE(N#AYVpFpSlNGULAH); 

U bl hT UP. F IND RUW SUMJS OF Y AND YXE,COLUMN SUMS. Of XK MAXIMUM 
ELEMENI UP A' AND MAXIMUM ROW SUP OF Er WHERE EmIXY 1S STOREO IN F) 

APAX SmYSM MSSLMAXHUwSUMISO) 
ELI Is) U.L?' 1 UllIJL N jQ 
ZULU S1 sb2lSSJS8S48SO) 

2! Jost kJ? 1 IIL N U 

SI $sb1+A8S(YC IpJ3 )) 
S2I3b2*A6S(XCJ, I])) 
63I1b3+6AS(f CI'J])) 
SCUl 1I0) 
LAM 41:1 lIt! 1 ULLU.L " 2. 

bCU1I3SCl+Y(I,KIxFtK,J3) COMMELT COMPLEX OOUBLE PRECISION 
OPERA! ION) 

S4Isb4+ABS(RUUPD(SCDS))J 
AMAAX6MAX(AMAXpA8SCA(I'43)) 

YROWSUML1J IsblXC(lEPSS13XETA 1)) 
YS,JMsySYU"MYNU"SUWC Ij; 
YEROWSUPL 1*J5DS4) 
XCOLSUMLIJ 1JSmX( 1+EPS1+3xETA1)J 
j[ S3 ) LMANXUNSU TE EMAXROWSUM. tm S3 

Xb I) 
APAXIsAMAAx(1+SxETAI)) 
YSUM sYSUx(C 1*EPS1)t 
LPAXROWSUMS3(LMAXHJWSUMKC 1EPSS+#xETA1) + CEPS2,ETA2)KYSUM + ETA2) 

x( 10SAETA1)) 
?tO la1 1* L I' 1 UL N ftA 



YERODWSLIMCIJU(YEROWSUN(I)IKC1EPSl+xETAS) * YROWSUMCIJ 
x((EPS2+ETA2)xYSUM+CETA1+EPS2)xEMAXROWSUM+ETA2)) 

if EMAXRO"SUM a I THEN 
BEGIN COMMLNI THE CALCULATEO INVERSE Y IS SUCH- A POPR INVERSE FOR X 

THAI QU BOUNDO FUN THE LO'INFINITY NORM OF THE RESIOUAL MATRIX 
1S LAK4bR INAN 1.0) 

POORINVLt SE sujJjj9g3 
gg U Fl1" 

uQk.hJ NON ? Oh M W SIDUAL FSAxXeXx(DIAG(LAMBDA))J 
FCH l8s1 UQ I UTI N 2.2 
BEGIN S118U bC1SSLAMBUACIJ] 

FORB J331 bIEP 1 VUTL N QJ 
5EGLQJ bCLE1IsOJ 

LQZ Nazi flL! I UNI[r N Qfl 
bcOSml8SCI)1,ACJ,KXXKXC,I3J COMMENT COMPLEX OOUBLE PRECISION 

UPENATIONIJ I 

SCDlIUSCO1-XCJ,I]KSCIJ UflmfEl I COMPLEX DOUBLE PRECISION 
UPEKATIONS 

FCJ#131)RUUN0(StC1 )J 
b11zMAX( 51. AS(FEJ, II)) 

FMAXCULLIJSIS1x(14xOTA1) 
X Ii 

CCMMLT NON fORM 1?yxF1 
fj2 13.1 ,lLtt 1 UNTIL N Utl 

8EGIN 
FOR Jll1 SIEP 1 UNTIL N DO 
[Clii bLU13OJ- 

VON NKzi STEP 1 UNTIL N 
bCU1IubCUi.YCI#KJxFCK,J)J V&.UMm COMPLEX DOUBLE PRECISION 

uPENATIONJ 
PC I'J I 3aStUUN0CSCO1 ) 

L~J 
LAMBOA1MPLII8s3LAMBnlAI).PCI,I)3 COMMENT COMPLEX oOUBLE PRECISION 

UPENATIUNS 
END I; 

CCMMENT NUN CALCULATE U, THE MATRIX QOUNOING THE ERROR IN PD 
S1 m1toENAAXU"SUM( l,+EMAXHUSUP )xETAl 3 
S21 SAMAXKLETA2,LPS2,DELTA)D 
53 sm3xETAJ) 
ELM hals bItP 1 JJj N 2 
.EiGI S4$IEPb2xFMAXCOLCII.cETAIxFMAXCOLrII.S2xXCOLSUM(I3 

*S3xARS(LAMBOAC 11 )x( 1+4XETA1 ) )/S1 3 

S58aFAKCULC Il/S1D 
Qf iI?sJl b 1 ILLLL N kg 

g(JI )33(ETAlXABS(PCJI ])xC l+4XETAS )+VROWSUMIJIKSA 
+*TRnWSUICJIXSS) x (C+1OKETAS)D 

EI,1J J'Ql I,I3*ETA2x(A8SCLAMBOACIJ)+ABSCP(I.I3)) 
LQ2ID 



CmmLN1 NUN FLNU MATRIX PQ a ABS(P)*Q ANO ITS OrFFOIAGONAL ROw SUMS; 
EDIWlt a IL. 1 it1? N 2Q 
U.LUh S1*aOJ 

EQB J181 kLY 1 UITIL 10101 STEP 1 UNTIL N 00 
EGtj sL EIJJ$ SCAbS(rt IJ3)+tQ J,J3)x( 1+SXETA1 ) 

Si mbl,HtQ I1 JI 
LBD 
PQROWSUML li J*Slx( 1LI'S1 ) 

COMMENT NUN bUuND LItIENVALUES AND EIGENVECTORS a .1 IS THE INOEX OF THE 
RUCT CUNSIUEKEL) 

E! 131st bltV 1 k?LLk N 0Q 
?jjG CO"MMLNT FIRST FINO DISTANCES BETWEEN ROOT r AIO REST; 

fi. JODI LIt 1wLL S4& I#I+I LLLP 1 Y.!.UL N QQ 
aijjjf NUUILUIFFLkFNCELCJIIMHCUNDLAMRD-AIMPCI3-LAMBQAIMPCJ])J 

LuMMLN1 CUMPLEX DOUtLE PRECISION OPERATIONI 
UISTLKJRE1JJSa(ETAI*ETA2)XCABS(RouNn(CLABCAIMPCI1)) 

*Adb(RUUNt)CLAMtDAIMP(tJ))))(C+1xETAS)J 
ROUIlUI ANCLEJ3SUABS(ROCToIFFERENCE(JI) 

MENT huN biOUND THE IeTH EIGENVALUE USING THE GERSCHGORIN THEOREM. 
THt bMALLLST ISOLATEO DISC IS FOUND USING A DIAGOhAL SIMILARITY 
TRANbFUMATIJN dITH MULTIPLIER CBETAtM). FIRST FIND THE 
APVKUXIMAVL EXPONENT Mi 

Li IsJ 1ih1N K? LL K eat) 
SltSaj MUUDIS01ANCELKISO L 0k? O LLA ROOTDISTANCECK]/PQEKPI1l 
FUR JSaK.1 8 kP 1 UTIL I1sI*K J If h N 

j3zKI: N(S,1p1F ROaUD1STANCEcJI.o Lu.LE O 
iL, ^RDUTOISIANCE(Jl/PQCJvI3)f 

LF Si,k ThtN Mtso ELSE MIaENTIER(LN(S1)/LN(BETA))J 
FACIONUbL IA*MJ 

COMMENT NU" AKA SURE I-TH OISC IS ISOLAtOJ 
hENDISCI 

RAblUb It(PUNUWSUMC Il/FACTGR.QE I' I)x (I ETAI)I 
FOR Jlal ?LIZ 1 tNTIL I@1'[*1 StEP 1 UNTIL N DO 
BE GIN 

RAUIZSLM a(4XETASKNOOTDISTANCE(J]+OISTERRORCJ]+QCJ,J]+PQPIOSUMCJ) 
*kAUlUS+*FACTOHXPQCJ,Il)x(C+TXETAI)I 

I hUIjUUIS1ANCECJJSRADIISUM TPjyI 
5[GAN CUMLINT DISC IS NCT AS0 ED - REOUCE M IF POSSIBLE; 

U " LULU 
ULLiLL MI3M.1$ 

F AC L jf IzFAC TCR/RET AJ 
jy ]Q N(WOISC 

Q5QU LLhIE 
WGLI? tIbLNVALULRAD IUSCIIISe1 

ULMEhLti DISCS I ANO J CANNOT BE SEPARATEOHmERE ONE COULO 
UUTPUT ThIS FACT ANO GIVE THE OVERLAPPING DISCS$ 
DISCI1AS8(LAMBODALAMBODAI1)tRAOIUS, 
UISCJSABS(LAMDAOLAMBODACJ )C(RADIISUM-RAOIUS)X 

fUN (Sa 5kP I UlTI L N LO XIMPCKIs31aX(K#I)J 
iY LU ENOVECTOR 

. hi, 



YERODWSLMCIJSU(YEROWSUN(I)IKC1EPSl+xETAS) * YROWSUNCIJ 
X((EPS2+ETA2)xYSUM+CETA1+EPS2)xEMAXROWSUM+ETA2)) 

if EMAXRO"SUM a I JJ?j 
BEGIN COMMILI THE CALCULATEO INVERSE Y IS SUCH- A POPR INVERSE FOR X 

THAI QU BOUNDO FUN THE LO'INFINITY NORM OF THE RESIOUAL MATRIX 
1S LAK4bR INAN 1.0) 

PGORINVLPtSE sujJjj- 
gg U Fl1" 

QkG.LhJ NON ? Oh M W SIDUAL FSAxXeXx(DIAGCLAMBOA))J 
FCH Ist UiQP I UTI N 2.2 
BEGlN S118U bC1SSLAMBUACIJ] 

[?Q. J1'1 IJfl 1 QNTJj N Q 
BEGLN bCL1I*sOJ 

LQZ Nazi flL! I UNI[r N Qf 
bcOl8S*SCI)1*ACJ,vKKXCXK,133 COMMENT COMPLEX OOUBLE PRECISION 

UPENATIONJ 
SCD118SCO1-XCJ,I]KSCIJ 1U)fLMELi COMPLEX DOUBLE PRECISION 

UPEKATIONS 
FCJ#I3I1RUUN0CSCD1)J 
b11zMAX( 51.A85(FEJ, II)) 

FMAXCULLIJSS1xt1*+4xKTA1) 
X Ii 

CC MMLT NON fORM P1YXF1 
fj 1is'1 b ILtL 1 UNTIL N 00 

BEGIN 
FOR Jll1 SIEP 1 UNTIL N DO 
[Cli bLU1ImOJ 

FON K1ai STEP 1 UNTIL N 
bCU1IubCUi*YCI#K3XFCK,J)J C COMPLEX DOUBLE PRECISION 

uPENATIONJ 
PE IPJ I 18tUUN0D(SCD1) 

L~J 
LAMBOA1MPLLIS3LsAMBnlAI).PCI,I)3 COMMENT COMPLEX oOUBLE PRECISION 

UPENATIUNS 
END I; 

COMMENT NUN CALCULATE U, THE MATRIX QOUNOING THE ERROR IN PD 

51 m1.EMAAXU"SUM( ,+EMAXHUwSUP )xETA1 3 
S21 SAMAXXLEtA2,tPS2,DELTA)D 
Sa3Im3xETAtJ 
ELM hals bItP 1 JJj N 12 
.i?Ik S4$uEPb2xFMAXCOLCII.cETAIxFMAXCOLrII.S2xXCOLSUM(I1 

*S3xARSCLAMBOAl 11 )x( 1+4XETA1 ) )/S1 3 
S58aFAKCULC Il/S1D 

[Qliis l ?J&tI WL N ]g 
g(Jpl )I(ETA1XABS(PCJ,I ])xC 1+4XETAS )+VROWSUMIJIKSA 

+TlRnWSUICJIXSS) x C1+1OKETAS)D 
OE I, Ii 1 QIAII 1*ETA2x qASCLAMBOACIJ )+ABSCP(I 1,3)) 

LQ2I; 



X I MP [J HAXvl J J |X, UMMENT COMPLEX 0OU1LE PRECISION OPERATION) 
EIGENVLCTUtRAUIUS[JM AX,I ]SaVBNOtJMAX)/SMx(1*2xETAI )J 

ENOVECTONS 

6 FIN) 
SINGULARI 
POORINVENbL:tIRULD COMMLNT THE MATRIX X COULO NOT BE INVETEOJ 
f INU 
(NO ElIGENbYSiLtNtdUUNUSJ 



RIGOROUS MACHINE BOUNDS FOR THIE 

EIGENSYSTfK OF A GENERAL COMPLEX MATRIX 

J. M. Varah 

See trticle in this issue for explanation of symbols lt table. 



VAUSNDAUENAIADOLTADIMEGEECOADUPORNES 
LLSIt NDtDbETAI OIEL DELTAS LQDLL POORINVERSES 

03 CMMPL U J ADLAMSAOAXDYDLAMSAOIMPDXIMPS 
LAWS WL^ AJjjJ EIGENVALUERADIUSDEIGENVECTDRRADIUSJ 

3111W C.AtkU EIlBNSYSTLMSOUNDS rINDS IMPROVED ESTIMATES AND SOUNDS 
FOR THE ECIENSYSTEM or THE NxN COMPLEX MATRIX A GIVEN A ULL SET 
OF APPROXIMATE ERGENVALUES IN LAMIODA AND A FULL SET or CORRESPON. 
OING AVPRUXIMATE CIGEN VECTORS IN KX DELTA IS THE MAXIMUM RELATIVE 
ERROR IN THE ELEMENTS oD A REPRESENTED IN THE MACHINED SETA IS THE 
NbwBEK VASE uF THE MACHINED AND T IS THE NUMSER or SASE SETA DIGITS 
IN EACH FLOATING POINT NUNSER. Y IS THE OUTPUT APPROXIMATE INVENSE 
FOR XK THL IMPROVED APPROXIMATIONS TD THE EISENVALUES ur A ARE 
STOREO IN LAMSOAIMPD WITH THE SOUND FOR THE DISTANCE BETWEEN THESE 
NUMSEMb AhO THE TRUE LIGENVALUES IN EIGENVALUERADIUS. SIMILARLY THE 
IMPRDVLO APPHUAIMATIUNS TD THE EIGENVECTODS ABE STORED BY COLUMNS 
IN XIMVD wITH THE ROUNDS IN THE CORRESPONDING ELEMENTS oD 
EIGENVtCTUMRADIUS. POORINVERSE IS SET TD TRUE IF THE MATRIX X COULD 

-NOT SE INVEMIEOD OR IF THE CALCULATED INVERSE V IS SO PDDR THAT THE 
RESIDUAL MATRIX EUIlXxY HAS LaINFINITY ND"R LARGER THAN 1.0. 

THE LANbUAGE USEO IS STANDARO ALGOL 60 EXCEPT FOR THE ADDITION 
Of COMtLEX' AND LONG (MEANING DOUBLE PRECISION) DECLARATIONS. WE 
ASSUME JNAT THE FUNCTION ASS IS OrFINED FOR CONPLEX ARGUNENTS ANO 
GIVES THE NOUULUSJ 

COQMENT FIRST DECLARE OTHER PROCEDURES) 

8131uoanlLuni MAXCA.BUl 
APO?^^) APB ^^) 

R AtBSLtAAL AtBU 

- lN(As;, ^8)) 
MANXSLf AT4L A LLbL B, 

&&LEBSLQEL FCROUADBA)) 
MIL'? A) A(S CURAE"L A; 

UCIaflUZELLI THE BODY UF ROUNO IS LEFT UNDEFINED. THE USER MUST 
TNS ET A PHOGRAM WHICh ROUkDS A LONG COMPLEX VARIABLE TO SINGLE 
PkECISIUN) 

?Q9 RDUNOD 

CEk1DUi INVERSI(CNDXDYDEDSINULAR)S 
iLlS ND 13LR NI GDfttLLEBRL XDYDEJ SINGULAR) 

SKiLl QABSBfITHC BZnOY UF INVERSE IS LEFt UNfbEIE0o THE USER MUST 
INSERT A PHObRAM WHICH FINOS A SINGLE PRECISION APPROXIMATE INVERSE 
FOR X AND STOKES IT IN Y LEAVING X UNCHANGED. THE PROGMAM MUST 
ALSO CUMPJIE THE RESIDUAL MATRIX E * ISKY USING OOUILE PRECISION 
ACCUMULATION OF INNEMNPROOUCTS. FOR THE USUAL METHOO OF GAUSSIAN 
ELIMIINALON WITH ITERATIVE IMPROVEMENTD E IS THE LAS1 HESIOUAL 
MATRIX CUMPUlED BY THL ITERATIVE IMPROVEMENT. WE ASSUME THE PROGRAP 
TRANSFLNS TO LABEL SINGULAR IF X IS TOO SINGULAR TO INVERTS 

j^Q INVESbES 


